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Abstract 

The conformal anomaly induced sector of four-dimensional quantum gravity (infrared 
quantum gravity) — which has been introduced by Antoniadis and Mottola — is here studied 
on a curved fiducial background. The one-loop effective potential for the effective conformal 
factor theory is calculated with accuracy, including terms linear in the curvature. It is 
proven that a curvature induced phase transition can actually take place. An estimation of 
the critical curvature for different choices of the parameters of the theory is given. 
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In spite of the considerable efforts invested, there has been yet no definite success in 
the construction of a consistent theory of four-dimensional (4d) quantum gravity (for a 
review, see [1]). A very interesting approach for the description of 4d quantum gravity 
at large distances (the so-called infrared quantum gravity) has been developed recently by 
Antoniadis and Mottola [2]. Their line of reasoning has been borrowed from that followed 
in two-dimensional gravity, where the anomaly induced dynamics are already completly 
different from the ones corresponding to the classical theory. In principle, the results of 
[2] provide a very natural framework for a dynamical solution of the cosmological constant 
problem [3]. 

Let us briefly review the basic details of the effective conformal factor dynamics (namely, 
the conformal sector of 4d gravity) [2] . It is well-known that the general form of the conformal 
anomaly for free conformally invariant fields is 

n = b ( C laB + hit) + b'G + b"DR, d = 4, (1) 



where C^ap is the Weyl tensor, R the curvature scalar and G the Gauss-Bonnet invariant. 
Now, as in two dimensions [4], the conformal anomaly induces a new action. Choosing the 
conformal parametrization 

g»M = z Mx) 9»M, (2) 

where g^x) is a fixed fiducial metric, one can integrate over the conformal anomaly and 
get the following action — which has been proposed as the starting point for 4d quantum 
gravity [2,5]- 



Sanom = J d 4 x ^ \baC\ v ^ + 26V + 2HT V m V, - -RTT + -(V M i?) V„] a 

+ h '{G- 2 -TrR^a-^'+ 2 -{b + b')^ pR-6^x-6(V^)(VV)] 2 }. (3) 

Here b" is arbitrary, since it can be changed by adding a local i? 2 -term to the action, and 

1 199 
b = ———(N S + 6N F + 12N V -B) + 



120(4tt) 2V ° * ' v ' 30(4vr) 2 ' 
1 87 

= -m^ (Ns+llNF+62Nv - 2S) -nw- (4) 

The contribution of the scalar (S), vector (V) and fermion (F) to the conformal anomaly 
has been known long ago (see, for example, [8]). The last term in brackets in (4) gives the 
contribution of the a field to the conformal anomaly [6]. The last term in both b and b' is 
the gravitation/ghost contribution coming from the Weyl gravity action [7]. 

Now — as it is done in 2d gravity — one should add to the action (3) the classical Einstein- 
Hilbert action in the parametrization (2), thus obtaining 

S d = ^j d 4 x e 2CT (R - 6-TTa - 6 VaV^a) - ^ J d 4 x ^ e 4(J . (5) 
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Then, the full effective action is given by 



^eff S anom + S cl , (6) 

with the additional criterion that terms independent of a are to be dropped out. 

It has been argued in [2] — where the study of the dynamics of the conformal factor a 
on a flat fiducial background has been carried out — that this theory (which is ultraviolet 
renormalizable) describes, in its infrared stable fixed point, 4d quantum gravity at large 
distances (i.e., infrared quantum gravity). The exact anomalous scaling dimension of the 
conformal factor at the fixed point has been derived in [2] in the same way as is commonly 
done for 2d induced gravity [9]. 

An indication of the necessity of an exact treatment of the conformal factor dynamics 
in the infrared region comes from the study of the graviton propagator in De Sitter space 3 . 
It has been shown [10,11] that the graviton propagator is not bounded at large distances, 
where the main contribution is given by the conformal part [11]. 

Now, as in [6], one can generalize the theory with the action (6) to the case of a curved 
fiducial background, in order to construct a multiplicatively renormalizable theory in curved 
space-time: 

S = Jd'xV^g j- -J^ au2a + a Ki^V^ + + £ 3 (V M i?)Vl a 

C [2a(V„a)(Wa)na + a 2 ((V m <t)(VV)) 2 ] + ^e 2a °R + ^(V^XW) 



+ Te^V^XW) - A e <~ + + ^1 G+ + ^UR\. (7) 

cr cr p cr cr cr ' 



A few remarks are in order. First, we have dropped the bar of the metric tensor, geometrical 
invariants and derivatives. Also, as in ref . [2] , we have assumed that the e a acquires a scaling 
dimension a, and we have done the transformation a — > era. The presence of a term linear in 
a which cancels all terms linear in a, both at the classical and at the quantum level, is also 
assumed [2] (such a trick is standard in quantum field theory and can be found in textbooks 
[15]). 

In the theory with the action (7), the coupling constants £i, £ 2 , C> Vij ^ 2 > V2, 7, A, ai, 
a 2 , a 3 and a 4 are arbitrary. In order to obtain a correspondence with the S e ff given by (6), 
one is bound to choose them in the following way 

26 + 36", C = 26 + 2b' + 36", 7 = 7, A " 



(4tt) 2 . , . , ^ , , k , k , 



3 Recently, an interesting approach, the so-called mean-field quantum gravity, has been discussed in De 
Sitter space [12]. 
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a± = a 2 = a 3 = a 4 = 0, 771 = — , r] 2 = b" + - {b + &')> ( 8 ) 
, o ^ ^ 2 \ , , 2 9 2 / 1 e 2 



(4tt) 2 ; ' ~ * ' 3(4tt) 2 ' *° 3(4tt) 2 ' 

Notice that, given in the form (7) with arbitrary coupling constants, this theory is multiplica- 
tively renormalizable in curved space-time (for a general discussion, see [1]). In the infrared 
stable fixed point ( = [2] (the only case we shall here discuss), and with the parameters 
(8), the theory describes qualitatively well the infrared sector of quantum gravity. Moreover, 
at ( = the theory given by (7) is still multiplicatively renormalizable in curved space-time. 
It is interesting to observe also, that the theory under consideration is probably connected 
with the self-dual limit of higher derivative quantum gravity [13,14]. 

Of course, the model given by the action (7) contains higher-derivative terms. Hence, it 
is expected to be non-unitary at the quantum level. However, most probably the unitarity 
can be restored as in the case of c > 25 non-critical strings [16]. And, from another point of 
view, only fundamental theories should be demanded to be unitary, and not effective theories 
in which the effects of spin-two gravitational modes are frozen. 

We now explicitly give the /3-functions for the theory (7), corresponding to the infrared 
stable fixed point ( = 0. We shall write here only the beta functions for the coupling 
constants connected with the field a (taking into account the classical scaling dimension for 
e CT ). The /3-functions for the i? 2 -terms (vacuum energy) are not so important, owing to the 
fact that the vacuum energy on a fixed background can actually be considered as a constant. 
We have 

A = f 4 - 4a + -p- J A jJL ! + _ + _ , ( 9 ) 



/ 2a 2 \ a 2 7 (47r) 2 a 2 7 (i 



9 2 ' 69 2 9 4 



where /3 7 and f3\ have been calculated in [2] and are exact results, (3 m has been obtained in 
the one-loop approximation [6], and the remaining /^-functions (i.e., those for £1, £ 2 , £3 and 
772) do not appear in the one-loop approximation [6]. As has been argued in ref. [2], the 
trace of the energy-momentum tensor for the a-field sector must vanish, in direct analogy 
with 2d gravity [9]. Hence, the /5-functions (9) must necessarily vanish. From the conditions 
/3 7 = and (5\ — 0, one gets [2] 

1 ± yT= 4/92 x Jtt 2 /, 4a 2 6a 4 \ 
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A detailed interpretation of (10) has been given in [2][j. In particular, one can understand 
from this expression that the value 9 2 r = 4 corresponds to the c = 1 string, where a phase 
transition could be expected. Thus, it is meaningful to pose the question: is this indeed the 
case in the theory under discussion? Does this model actually exhibit a phase transition? 
In what follows we shall address this point. 

As first step, we restrict ourselves to flat space and calculate the Coleman- Weinberg 



potential for the theory (7). Let us denote e c 
for the theory (7) is given by 



Then, the one-loop effective potential 



A 



v«(0) = 40 4 + s0 4 + 



a' 



where 



+ 2 



26 2 



d A k 



7± 



In 1 + 



Ac 



+ ln 1 



(11) 



\ 



r 



32 



(4 



7T 



and A and B are renormalization constants. With the same renormalization conditions as 
in the paper by Coleman and Weinberg [17], one can immediately find the values of A and 
B. Finally, we obtain the following effective potential: 



V {l \e aa ) = A,e 4aa + - 
cr 2 



7 2 (4 



7T 



26 A 



8A 

e 2 



a 

00 



25 
~6~ 



(12) 



where gq is the normalization point. In particular, from (12) one can easily obtain the value 
of a corresponding to Coleman- Weinberg's spontaneous symmetry breaking 



a 

(To 



A 



a" 



7 2 (4tt) 
26* 



8A 

e 2 



25 1 
f If ~ 4a' 



(13) 



or, if we take into account (10), 



a 
0"o 



2 1 



a 



25 1 
+ ~Q ~ 4a' 



(14) 



where A is given by the second expression (10). Hence, we can estimate the value of a 

corresponding to spontaneous symmetry breaking. 

Consider now the one-loop effective potential for the theory (7) on a curved background. 

We shall only consider the linear curvature approximation. There are different ways of doing 

this calculation. One of them is to use the renormalization group method and find the 

one-loop effective potential. Alternatively, we can perform the calculations on a De Sitter 

background, where ^-function regularization works very well, and expand the final answer 

4 Notice that, taking into account (10) and the values of £i and £2 from (8), equation j3 m = is fulfilled 
automatically 
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taking into account all terms up to the ones linear in the curvature. Both procedures give 
the same answer (provided the same renormalization conditions are used). Since the details 
of such manipulations are quite standard (for instance, they can be found in [1]), we shall 
here only give the final result 



A 



a" 



+ 



7 2 (4tt) 
26 A 



4 In 



1 

+ 2 



_ 8A' 

(4tt) 2 7 [Ci 



25j 
6 



m 

a 2 



(15) 



where 2 = e 2acT , /i 2 = e 2aa ° and we assume that 2 >> \R\ (the linear curvature approxi- 
mation). As one can see immediately, the first two terms represent the Coleman- Weinberg 
potential calculated above, while the remaining terms provide the curvature correction. 

We now concentrate on the possibility of a curvature-induced phase transition (see [1] 
for a description of the general situation). An interesting possibility is that of a first-order 
phase transition, when the order parameter < <fi > experiences a quick change for some 
critial value of the curvature, R c . The standard condition of such a phase transition are: 



V^i^Rc) = 0, 



= 0, 



02y(l) 



,Rc 



> 0. 



(16) 



4>c,Rc 



Let us discuss a few different cases. Impose the following (rather natural) restrictions on the 
parameters in (15): 7 2 (47r) 2 >> |A|, 771 ~ 7, a 2 = 9 2 = 1, 7 << 1, 47r 2 |£i/4 + £ 2 | > 1 and 
47r 2 |7(£i/4: + £ 2 )| << 1- Then it is immediate that a phase transition is possible, and that 

e 2a(* c -* ) „ e 3 ? \ R \ e -^o ^7 

^isgn(i? c ) 

We can also consider the set of parameters (15) which correspond to infrared quantum 
gravity: 



7 

66 2 



(4tt) 2 7 Ui 



e 4 



T + 6 =<>. 
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In particular, with the following choice: a 

A > 7 2 7r 2 /^ 2 , we get 



1, # 2 » 1, 7 « 1, 7 2 /^ 2 ~ A « 1, 



e 2a(* c -a Q ) ^ e -e 2 /4 



\R,\e 



-2a<TQ 



32A 



(18) 



6» 2 7 sgn (R c ) 

The phase transition is clearly seen for standard values of the parameters which satisfy these 
conditions (Fig. 1). It takes place for a very reasonable value of the curvature (R c ~ 1). To 
be noticed is the fact that, also for the critical case, 9 2 r = 4, a 2 r = 2, we do find a phase 
transition in our approach, but this happens only for sufficiently high values of the curvature 
(R c ~ 100, see Fig. 2). However, our approximation is presumably not good enough for very 
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large curvature, and higher order corrections on the curvature should be taken into account 
in that case. Also interesting is the following situation, corresponding to the conditions in 
our present universe: 9 2 = 1 and a 2 = 1. The phase transition occurs here for even higher 
values of the curvature (R c ~ 500). It is represented in Fig. 3. 

The main qualitative result in this paper is the explicit proof that for some values of the 
parameters the conformal sector of quantum gravity can yield a curvature induced phase 
transition. Also important is the observation that in the case of an external background 
with torsion, the conformal sector of quantum gravity with torsion [18] can lead to a torsion- 
induced phase transition. 

A final remark about possible phase transitions at non-zero temperature. It is known 
that the trace anomaly does not change at non-zero temperature. Therefore, if we consider 
the flat fiducial background with a compactified time dimension, the effective potential is 
given again by (11), where dk is to be changed in the standard way. If we add to the classical 
potential a mass-like term of the kind — [m 2 / (2a 2 )} e 2cwT , then A\ and A 2 are slightly modified 
and we can find the critical inverse temperature as in ref. [19]: 

8 2 = - 7(47r)2ft2 (19) 

where m 2 is an unphysical, negative mass [19]. Therefore, by adding a mass-like term to the 
effective potential we get the possibility of a phase transition at non-zero temperature. 

In summary, we have shown that the trace-anomaly-induced dynamics (infrared quantum 
gravity) has a very rich phase structure and can undergo a phase transition induced by 
the curvature. It would be interesting to understand if such a phase transition has really 
taken place in the early universe and, if so, if it can lead to some important cosmological 
consequences. 
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Figure captions. 



Fig. 1. The effective potential at one-loop, V^ 1 \4>) (eq. (15)), represented as a function 
of 4> for several values of the curvature R. We have taken a typical set of parameters 
corresponding to infrared quantum gravity (eq. (18)), in particular: a = 1, 9 2 = 10 2 , 
7 = 1CT 2 and A = 1CT 3 . The phase transition appears already for quite small values of R 
(in this example R c ~ 1). 

Fig. 2. The same as in Fig. 1, but for the values of constants corresponding now to the 
critical case: 9 2 r = 4, a 2 r = 2, and A/7 2 as given through eq. (10). The phase transition 
appears only for very high values of the curvature (R c ~ 100). 

Fig. 3. The same as in Fig. 1, but for the following values of the parameters (which 
correspond to our present universe): 9 2 = 1, a 2 = 1 and 7 = 3/k, where l/2k = 1/lGirG, 
being G the gravitational constant. The phase transition appears at even higher values of 
the curvature (R c ~ 500). 
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